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The perturbation theory in the simple LCAO MO method has been studied by many
authors, for instance, by Coulson and Longuet-Higgins'?> and by Dewar?. Recently, by the
present authors®, a new mathematical method of perturbation theory, named the method of
perturbed secular determinant, has been developed and several useful equations have been
derived which give the orbital energy, the electron density and the bond order of the
perturbed system.

The only system involved in these works, however, was the one which suffered only one
perturbation, that is, a small change of a Coulomb integral or of a resonance integral,
or a weak bonding to another system. There could be seen no systematic perturbation treat-
ment of the system which was affected by two or more perturbations, for instance, changes
of two Coulomb integrals, changes of a Coulomb integral and of a resonance integral, and a
weak bonding with a change of a Coulomb integral. To deal with such a system would
be of practical interest in discussing the chemical reactivity, absorption spectrum, dipole
moment and other electronic properties of large conjugated molecules.

In the present paper are derived several equations or relations which give the molecular
orbital, its orbital energy, the electron density and the bond order of systems affected by two
perturbations, and lastly they are extended to a more general case of many perturbations.

Non-degenerate System

1. Summary of Results for Single Perturbation.—In order to simplify the expression of
various equations appearing in the treatment of multiple-perturbed systems, it would be
convenient to summarize the results for single perturbation. The following formulae, obtained
by the method of perturbed secular determinant and also by the existing method of perturba-
tion, were given in the previous paper, though some of them not explicitly.

In this section it is assumed that the system to be treated is not degenerate in itself, nor
has it any degenerate level between another system to conjugate with.

First, if the Coulomb integral, a,, of the rth atom in a conjugated system, 4(e),* is
increased by a,' (Case A of Ref. 3), then, as its consequence, the jth orbital energy, ¢;, will
increase by (dej),, the separate bond order, pu./, by (épu’),, the separate electron density,
Puv’y bY (8pui’)s, the total = electronic energy, e, by (de),, the bond order, pus, by (6pus)s,
the electron density, pus, by (6p.«)r and the jth molecular orbital, ¥;, by (¥;),, in such
a way that®*
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1) C. A. Coulson and H. C. Longuet-Higgins, Proc. * J4(e) is the secular determinant of the system and
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Secondly, when the resonance integral, B, of the bond (s#) in the system A(e) is in-
creased by B«' (Case B of Ref. 3), increases of those quantities are written as follows:
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Thirdly, when a conjugated system, 4(s), conjugates at the rth atom through a weak
bonding, whose resonance integral is r,, with another conjugated system, whose secular
determinant is 4;(e), (Case C of Ref. 3), then the increases of molecular quantities by this
perturbation are given by the following formulae. The orbital energy of the kth orbital ¢
of the system 4:(¢) is mx and the coefficient of the &th atomic orbital in that molecular
orbital is written as dg'*.
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where the atom « and the bond (uv) are in the system 4(¢), and & is the position of weak
conjugation in the system 4:(e). Similar formulae would be obtained for the system
4d,(e). Thus the change of bond order and that of electron density and total x electronic
energy change of the combined system are obtained as follows:
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Here it was assumed that the highest occupied orbitals of the systems A(¢) and 4,(¢) are
lower than the lowest unoccupied orbitals of the systems 4:(e¢) and 4(e), respectively. The
total charge transfer, 8Q, from the system 4,(¢) to the system A(e) is defined by

ang_ﬁl P an

where n is the number of atomic orbitals in the system A(e).
For this case 6Q is given by the following equation.

(BQ),-;=2(($N§C unoce oce (f.';-»‘dsv )z(rr)z ,,,,,, (18)

As a special case involved in the Case C, when the system 4:(¢) is an atom or a
mesomeric group, X, Eqs. 11 to 16 and 18 become
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where v is the number of electrons in the atom X. The equations corresponding to Egs.
14 and 15 are omitted for simplicity.

In the following paragraphs some important cases of doubly perturbed systems will be
treated.

2. Case I. Changes of Two Coulomb Integrals.—If two atoms, say ot &
the rth and the sth atoms, in a conjugated molecule, A(¢), are
replaced by two heteroatoms, the Coulomb integrals of these atoms
will become a,+a, and a;+as’, respectively. Then the perturbed
secular determinant of the system will be written d3+
oy’

D(E) =d(e) +a, dyr(e) +as' dss(e) + ar,asrdrrss(e) (19)

where 4,,(e) and d,.ss(c) are the (rr) minor and the (rr, ss) minor of A(e), respectively.
Regarding these changes, a,/ and a,/, as perturbations, one can easily obtain the perturbed
orbital energy, of the jth molecular orbital, the perturbed bond order and the perturbed
electron density by the use of the method of perturbed secular determinant, as will be briefly
explained in the following.

First if one intermediately considers a system where as' is zero, the intermediate
perturbed secular determinant is given as:

) =4d(e) +a,' 4 (e) (20)

According to the procedure utilized in the previous paper, the intermediate perturbed
orbital energy, &, and the intermediate perturbed separate bond order, p..,/, are expanded in
powers of a,':
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3"95: anr.uu“(”)(arr)w
and the coefficients, a,™ and a,,.,/™, are given by the following formulae.
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s D 4 (D)0 2 @) |
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(m=0,1,2,+--)

Directly from these formulae the following expressions are obtained
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Ew'f=Pm:i+ (pur®) r

where (8¢;), and (8p..’), are given by Egs. 1 and 2.

Then the second perturbation, «,', is to be taken into account. The perturbed secular
determinant of the system in question is expressed with the aid of the secular deter-
minant of the intermediate system,

D(e) =D(5)+ﬂfs]r____ls:(5) (24)

A similar procedure leads to the expansion formulae
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Thus we finally reach the following results for this perturbed system.
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where (5¢j)r and (3p«”), are the change of the orbital energy and the separate bond order
(or the separate electron density) respectively, of the jth molecular orbital caused by the
perturbation «,’, as were given in Egs, 1 and 2.

On inspection of Egs. 27 and 28 it is clearly seen that, as concerns the first order terms,
two perturbations have no effect upon each other and, therefore, the so-called “additivity
rule ” comes into being. That is to say, the change of the orbital energy, the bond order
or the electron density caused by two perturbations is expressed by the mathematical sum
of its changes caused by each perturbation. In the second order a cross term appears,
which may become comparable in magnitude with the non-cross term and cannot be
neglected. Also as for the total z electronic energy, the bond order and the electron density,
which are expressed by the sum of corresponding separate quantity, the circumstances are the

same, as follows:

oce unoee crfc'*csfcsi

e'=s+(ae),+(ae),+2?;} ? aas! 4o (29)

&j—
Puo=pur+ (8pus)r+ (8pus)s + 22 {cross term of the order a,'a;’ in Pyp/}+-:eoe (30)
2

where (6¢), and (8puw)r, given by Eqs. 3 and 4, are the changes of total = electronic energy
and the bond order (or the electron density) respectively, caused by the perturbation «a,’.
Eqs. 27 to 30 can also be derived by the existing method of perturbation.

The explicit expression of perturbed molecular orbital would be useful for some

purposes. It is
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where (6%;), is given by Eq. 5.

3. Case II. Changes of a Coulomb Integral and a Resonance ol
Integral.—When at the same time the Coulomb integral of the rth o
atom is increased by a,’ and the resonance integral of the bond
(s?), Bs, by Bs', then the perturbed secular determinant of the
system is expressed* by e

D(-‘-‘) IA(E) +arldrr(5) + (‘ I)H‘Zﬁstldst(s) - (ﬁstr)zdsslt(s) :Q’p
+ ( - 1) ! Har'ﬁsfldfru(s) - ar’ (ﬁst’) zdrrsslf(e) (32)

As well as in Case I, the following expressions of the orbital energy, the separate bond order
and the separate electron density are obtained.
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where (8e;)r, (8ei)sts (3pu’)r and (8pw’)st are given by Egs. 1, 6, 2 and 7, respectively. Also
in this case a cross term between the two perturbations, both in the orbital energy and
in the bond order (and the density), first arises in the second order, and therefore the additivity
rule is correct in the first order. The circumtances are the same for the total energy, the
bond order and the electron density.

occ
e' =g+ (de),+ ()5t +2 3 {cross term of the order a,' B’ in e;'} +-+++--
7

oo . (35)
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i {

Fevenes )
where (de)st and (dpus)st are given by Egs. 8 and 9. The perturbed molecular orbital is
obtained as follows :
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where (6% ;) is given by Eq. 10.
4. Case III. A Weak Bonding with a Change of a Coulomb Integral. — When a
conjugated system, A(e), conjugates at the sth atom through a weak bonding, whose

* When r=t, though the perturbed secular determinant becomes D(s)=d4(e)dar' drr(e)+(— 1)1 728" dar(a)— (Bor' ) dssrr(s),
Eqs. 33 to 36 are valid.
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resonance integral is y,, with another conjugated system oy
4:(e), and at the same time the Coulomb integral of =N
the rth atom is increased by a,', as illustrated in the &
figure, then the following formulae are obtained.
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Pyy'*= (3pus™) s¢ + {cross term of the order a,'(ys)?} +--- (41)
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Py¢i=(8pyc’)se +{cross term of the order a,'(rs)?} + -+ (43)

where £ is the position of weak conjugation in the system 4,(¢), the bond (3{) is in the
system Jy(¢); and (de;)se, (0Puo’)se, (3pse’)se and (pus'*)se are given by Egs. 11, 12, 12/
and 13, from which (6712)se, (BPrc)ses (Bprc*¥)se and (Opse'*)se will easily be formulated
Therefore the total x electronic energy of the combined system is

oce unoce occ

=e+(0e)r+(de)se +2(E > Z}l )

ed (de*)2( anl m. m Jed 17
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And
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Pyc=py¢+ (8pyc)se +{cross term of the order a,' (7s)2} + -+ (46)
0= (6Q)s¢ + {cross term of the order a,' (7s)%} + -+ (CY))

where (de)se, (0puo)se, (Opse)se and (6Q)se are given by Egs. 15, 16, 16’ and 18. (dpy¢)se is
easily written on inspection of Eq. 16. As is seen in Eqs. 45 to 47, a cross term first appears
in the third order, that is, the order of a,'(7:)% and the additivity rule is valid up to the second
order perturbation.
The wave functions of this perturbed system are represented by
i d 1k all m. m ind
V)= QT+ O e+ L 5 e el

Ei— 1 —ra,’ ¢ RPN
1k ImCejdEj—Em ei— ,]1*} rTs%1k (48)
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O’ =i+ (011) se + Z

where (6%;);¢ is given by Eq. 14, from which also (6¢1:)s¢ may easily be written.
5. Case IV. Weak Bondings to Two Conjugated Systems.—Here we consider a case in
which a conjugated system, 4(e), conjugates at the rth and the sth atoms with two other
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conjugated systems, 4;(e) and 4.(e), respec-
tively, making weak bondings whose resonance
integrals are y, and s respectively. The
molecular orbital, its orbital energy and the
coefficient of atomic orbital in the non-
perturbed 4,(e) system are designated by ¢y,
7 and dp'%, respectively, and in the system
A3(e) by ¢ap, n2x and d,2*. Then the following
expressions are easily obtained for the perturbed
combined system.
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(559
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57
(58)

where & and 7 are the positions of the weak conjugation in the systems 4;(¢) and 4:(s),
respectively, and the bond (uv) or the atom u is assumed to be in the system A(e), and the
bond (7)) or the atom 7 in the system ;(e). Similar expressions as above may be written
for the system 4,(¢). Thus the total = electronic energy and the bond order of this

perturbed system are given as follows:
o oce oce
=2233¢j'+2 ? 7?11'+2‘2 Do’
Fl

=g+ (de)re + (5e) st

{occ unoce upoce ocec oce  unoce oce all all oce }C,’Cg’(d;li)z(d 3‘)2

HECETE -2 -3E

all  ¢,Mc ™ c,Jcs! eles )
x 2 - - 2 L iiaenn
( m(z#:j) ei—em E&j— Mk &i—Nu (rers)?+

Puo=Pus+ (8Puv) re + (Puv) s= + {cross term of the order (7,7:)2}+

otec unoec oce cr’(df )2

U,
i~ Tk i*

Pre=(0pre)ret [2(213 "3

oceall (dg'*)? anl all e de,Mede ™ (d 2)?

%5355 3y - ] (124

D=1k G w (Qu—e;j) (Pa—em)

(5; 7?1#) (EJ

(59)

(60)

(60")
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Pyr=pyc+(6pyc)re +{cross term of the order (7,75)%}+---- (61)

The changes of total charge involved in the systems A(e) and 4,(¢) are designated as §Q
and 4Q,, respectively, which are written as follows :

00 =(0Q),e + (6Q)s: +{cross term of the order (7,7s)2}+ - (62)
801=(8Q) ¢+ {cross term of the order (7,7s)2}+ -+ (63)

A similar equation may be written also for the system 4:(e).
The molecular orbitals of this perturbed system are

Ui'=W;+ (6% ;)re + (6% j)se +{cross term of the orders 7,(7s)? and (7,)%s}+ -+ (64)

all all ¢ JeddeRd,?
= o - -
o =gt @ S B

TrrsPon +oeeee (65)

As to special cases in which either or both of the systems 4;(¢) and 4.(e) are single
atoms, one may simplify the results of Cases III and IV by using Eqgs. 11-a to 18-a instead
of Egs. 11 to 18 for non-cross terms and by abridging cross terms.

6. More General Case of Many Perturbations. — Perturbation treatment of systems
affected by two perturbations stated above may
be extended to a more general case of many
perturbations. As illustrated in the figure, we
consider a conjugated system, 4A(¢), and in-
crease the Coulomb integrals of the rth atoms
in it (r=1',2', - ,f") by a, and the reson-
ance integrals of the bonds (st) (st=1"", 2",
- gy by Bs', and make weak bondings,
whose resonance integral is 7, between the
gth atoms (g=1,2, - ,h) in the system and
the &;th atoms in other conjugated systems
44(e). Here some of the r’s, s’s and ¢’s may
be the identical atoms.

Then the perturbed jth orbital energy of the
system A4(e) is

s &’ L]
ei'=ej+ 23 (0ej)r+ 20 (Fej)sa+ 20 (Bej)ge
r=1t Csty=1"" g=1
+C(a?, af, B?) +C(a®, a®B, aB? B° ar?, Br?)

+C(a', a’B, a’B%, aB, B, a1, aBr, Bt ) + e (66)

where (d¢j)r, (ej)st and (dej)qe are energy changes caused by perturbations a,/, Bs' and
Tq, Tespectively, and are given by Egs. 1,6 and 11. and C means the cross term among per-

turbations. For instance C(a? af, 8?) consists of cross terms of orders a;'a:’, ai’as’, - s
az'ag', oot , a1’ By, ad' B, weeen > a2 By e, By B!, By Bs!, veeeee, B2 Bs!, oo s and C(ad, a’B,
af? B ar? Brh) of orders (ai')ar’, -+ , aila as!, e , (@!)?Byly e, e ad! By, e s

ar'(Ba1)?, e , ar' By’ Byl e s (B1)2Ba!, woeee s Bi'Bd'Bs!y vee » ai' (1), e » B ()%, e .
The perturbed separate bond order by this orbital of the bond (uv) in the system A(e) is

X . , g’ . h ,
P’ :Pw’ +r-21' (5Pnn1)r+(’g;=1£5pw")si + q§ (51’“’)"

+C(a’ aB, §7) +C(a®, a*B, af?, B2 ar?, Br?)
+ C(a‘, asﬁ’ azﬂz, aﬁa, ﬂ" azrz’ aﬂrz’ lezrz’ T‘) + ...... (67)
where (8pus’)r, (8pus’)st and (8puw’)qe are the changes caused by a,', 8« and 7, respectively,

and are given by Egs. 2,7 and 12. The perturbed separate bond order by this orbital of
the bond (3{) in another system, say, the system A;(e), is

Pyof=(0pre e +C{a(r)? B(r)?}
+C{a® (1% aB(r)? B2 ()% 12 (1)} -+ (68)
The perturbed kth orbital energy of a system, say, the system 4,(e), is
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7k’ =0+ (0710) 1 +C{a(r1)% B(1)1)?}
+C{a*(r)% aB ()% B2 ()% r* (1) 4o (69)
The perturbed separate bond orders by this orbital of bonds ({) and (uv) are
Pyt =pyc*+ (Bprc'*)ie +C{a(1)? B(r)?}

+C{a?(r1)?% aB(r1)? B*(r)% ri(r) 2} 4o (70)
Pus'* = (0pus'®)1¢ + C{a(r1)? B(r1)?}
+C{a*(r)% aB(r)? B () 12 ()2 e 1)

Also this bond order by this orbital of the bond (xv), which is located in another system,
say, the system 4,(¢), is given by
Pus*=C{(r)* (1)} + oo 72)

The perturbed separate bond order of the bond which is made anew by perturbation
‘between conjugated systems, say, the bond (1§,) between the systems A(e) and 4,(e),
may be written as

Pi¢i=(8p1¢f)1e + Clary, B} +C{a’ry, aBry, B2, 7711}

+C{a’r1, a®Bry, aBr1, Br1s a1, 771, (), B(ra) )+ oo (73)
Pett= (3}7151‘) e+ C{arh Bri}+ C{a’z?’h aBry, B%ru 1’11}

+C{a®r1, a®B11, a B, BPr, ar®ry, Brivy, a(r)?, B(r) 3+ e (74)
P =C{(r))’r:1} + C{a ()11, BT} 4+ (g=2,3, » ) (75)

As for the total m electronic energy an equation similar to Eq. 66, as for the total bond
order (and the electron density) one similar to Eq. 67, and as for the total bond order of
a newly formed bond one similar to Eq. 75 may be obtained.

Thus it has become clear to what order of perturbation terms the additivity rule
applies, and what kinds of terms appear in several molecular quantities. If it is necessary,
one could formulate cross terms in reference to the results of two perturbations.

Degenerate System

In the previous section it was assumed that no molecular orbital is degenerate with any
other molecular orbital in the same molecule, not with molecular orbitals in any other system
to be subjected to conjugation.

Even if some levels in the non-perturbed systems are degenerate, so far as they are
chosen mutually orthogonal, the perturbed orbital energy and the perturbed separate bond
order (and electron density) corresponding to non-degenerate orbitals are not affected at all,
that is, equations derived in the preceding section, giving separate quantities, are valid
also in this case.

As for degenerate levels, on the other hand, the sum of the perturbed orbital energies or
of the perturbed bond orders over all the degenerate levels is easily obtained by taking
a limit of the corresponding sum which is derived as if they were not degenerate. For
instance, in Case I, when the Ith and the (/+1)th levels are degenerate,

BI!"f‘EH»lr: lim [5!’, nondeg +El+lf. nondeg]
Erv1—Ey
=2er+ [0(er+er+1)]r+ [0(er+ers)]s
all  ¢,fe '(C led ¢,/ e I+1)
$2 3 T (g ) e (76)
k El— &k
[CINEDS]

where
[6Carters)]r= (e 4 (e/* ) a)'

(M) ()

+ 2 .
k El—Ek

Cxl,I+1)

(“'-")2.{....... (T}")

and e/, nondeg i given by Eg. 27, which is derived for non-degenerate system. Explicit
formulae for other various degenerate cases are omitted here for the sake of brevity, but one
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might write them down without difficulty according to the above principle. The total =
electronic energy and the bond order (or the electron density) being represented as the sums
of orbital energies and separate orders (or densities) over the occupied orbitals, it is con-
cluded that, even in the degenerate cases, if all the degenerate levels are occupied, the
degeneracy does not affect the additivity rule, though concrete formulae involved may differ
from the case of no degeneracy.

Discussion

By the results obtained in the preceding sections the additivity rule concerning multiple
perturbations and its limits of use have been clarified.

When a hetero-substitution of an atom in a conjugated system causes changes of the
Coulomb integral of the atom and of the resonance integrals between neighboring atoms,
their effects as a whole may be additively estimated in the first order perturbation treatment.
When introduction of a conjugable group into a conjugated system at its certain atom gives
rise simultaneously to a change of the Coulomb integral of the atom, the additivity rule
applies to the first order terms.

Further, for the introduction of many substituents and hetero-substitutions, the additivity
of these effects are materialized, and various examples are seen in experiments. The additi-
vity of shift of absorption sprctra would be explained by the additivity in the orbital
energy. The vector additivity of dipole moment would be understood as the additivity in the
electron density or in the amount of charge transfer. Aono and Higuchi® interpreted the
additivity of hyperfine splitting in the electron spin resonance spectrum of substituted
semiquinones in terms of the additivity in the unpaired electron density.

Speaking of reactivity indices, i.g. the frontier electron density, P../, localization energy,
¢'(localized state) —e'(non-localized state), total = electron density, P.., free valence,
«/3'—"2’&,;, and most other indices, the additivity rule is applicable to a certain order of

perturbation terms. Superdelocalizability is also proved to fulfil the additivity rule.
If one practically evaluates the cross terms appearing in the formulae, one would
be able to discuss the deviation from the additivity rule, which is also often realized in

experiments.
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